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Unified Approach to Modeling Matrix Cracking and
Delamination in Laminated Composite Structures

Robert Thornburgh* and Aditi Chattopadhyay'
Arizona State University, Tempe, Arizona 85287-6106

A higher-order theory is developed to model the behavior of composite laminates with delamination and trans-
verse matrix cracking. The higher-order displacement field is used in the sublaminates for accurate representation
of the effects of transverse shear. This also allows description of the independent displacement fields above and
below the delamination. A refined displacement field is obtained through the satisfaction of stress-free boundary
conditions at all free surfaces, including delaminated interfaces. The effect of matrix cracking is determined using
a separate finite element model of a representative crack and implemented into the structural model by means
of reduced laminate stiffnesses. Matrix crack closure creates a bimodularity where stiffness under compression is
greater than stiffness under tension. This bimodularity is addressed using an iterative process. The effect of this
bimodularity on mode shapes is shown to be small, and a method is presented for determining natural frequencies
in the presence of matrix cracks. Results show that this model provides a consistent level of accuracy for a variety
of laminate materials and configurations, with various combinations of delaminations and matrix cracks.

Nomenclature

A,B,D,E, F, H = nplatestiffness matrices

A,B,D,E,F,H = effectiveplate stiffness matrices
with matrix cracks

C, Cy = in-plane and out-of-plane higher-order
stiffness matrices

e, e = in-plane and out-of-plane
engineering strain

h = laminate thickness

I = total crack length in kth layer

N, M, P = in-plane stress resultants

O, R = out-of plane stress resultants

T = global-local laminate transformation
matrix

t = thickness of kth ply

Ugy, Vo, Wo = midplane displacements

Uy, Uy, Uz = displacements along x, y, and z directions

w = total work

z = locationrelative to laminate midplane

Zk = distance of kth layer midplane from
laminate midplane

al,yd, & = geometric parameters for continuity
conditions

B, Bo = higher-ordercrack behavior matrices

& k0, K2 = coefficients of the strain equations

Pr = crack density in kth layer

o, 0y = in-plane and out-of-plane stress

T, T = crack face stresses

Yy, Yy = rotations of the normals to midplane
about y and x axes

Q = total in-plane area

10} = natural frequency

oy, 0 = natural frequency for first and second

half-cycles

I. Introduction

ATRIX cracking is a common form of damage in compos-
ite laminates and results from a variety of conditions in-
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cluding low-velocity impact, fatigue, and excessive loading. Ma-
trix cracks can open under load, thus creating an increase in the
perceived strains of a laminate and a reductionin the effective stiff-
ness. In engineering design it is often assumed that once matrix
cracking has initiated, the lamina with cracks is no longer capa-
ble of carrying load. This technique is known as the ply discount
method. However, the cracked layer is in reality still carrying some
of the load, and thus the reduction in laminate stiffness will be
a function of crack density. Being able to describe the changes
in structural behavior accurately will allow designers to predict
the effects of localized damage on static and dynamic character-
istics. Also, the modeling of matrix cracking is necessary for the
development of smart composite structures capable of detecting
damage.

A large amount of research has been conducted to model the
effects of transverse matrix cracking on the stiffness of compos-
ite laminates. Some models are closed-form solutions,"»?> whereas
others rely on experimental data to determine key parameters in
the solution.®> Also, most models are applicable to pure extension,
and only a few address the changes in matrix crack behavior under
bending loads.*~® The behavior under shear loading has received
some attention,>>7 which is vital to describing the changes in an-
gle ply structures. However, transverseshear has received much less
attention ® Finally,less work has beenreportedon applyingthe avail-
able models to actual structures and addressing the complications
created by crack closure.

Delamination is known to reduce significantly the natural fre-
quencies of laminated plates and has been studied by a number of
authors’~!'® Delamination generally is formed by the same condi-
tions that result in matrix cracks, and matrix cracking is usually
the precursor to delamination created by fatigue. However, the ef-
fects of delaminationare usually consideredindependently,without
considering matrix cracking. Modeling of delamination has been
done using a variety of approaches. Three-dimensionalmodels® pro-
vide accurateresults, whereastwo-dimensionalmodels'®!! are more
computationallyefficient. Layerwise theories'? have also been used,
but the computational effort can be quite large for thick laminates
with a large number of layers. A refined higher-order theory was
developedby Chattopadhyayand Gu,'* and it has been shown to be
efficient and provide accurate solutions."*~!3 Therefore the current
research builds on this model.

Thus, the objective of this research is to develop a model that is
capable of describing the effect of delamination and matrix crack-
ing in a composite plate, of arbitrary laminate configuration, with
consistent accuracy for a wide variety of laminate materials. The
developed theory is capable of describing the effect of all three
modes of crack behavior and is applicable to extensional, bending,
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and transverseloading conditions. This model is used to investigate
both static and dynamic response of composite laminates.

II. Matrix Cracking

The study of matrix cracking is based on the assumption that
cracks can be modeled as a statistically uniform array spaced at
some average distance. Unlike other studies that attempt to predict
the amount of damage based on loading history, in this study, it is
assumed that the damage is known. The crackingcan be in any com-
bination of layers including the surface layers of the laminate. The
effects of matrix cracking must be developed to reflect the struc-
tural model used. If only the effects of mode 1 and 2 crack opening
are considered, then the results would then only be appropriate for
classical plate models where transverse shear is not considered. For
moderately thick plates modeled using a first-order shear deforma-
tion theory, the transverse shear plays a role in plate deflection, and,
therefore, mode 2 crack behaviormust be determined. Higher-order
plate theories'®> more accurately represent the distribution of trans-
verse shear, but because they have additional higher-order parame-
ters, the effect of matrix cracking on these parameters must also be
determined. The higher-order displacement field, however, has the
advantage that it provides for a quadratic distribution of transverse
shear through the thickness, but does not require any more parame-
ters than the first-order shear deformation theory, which assumes a
constant distribution of transverse shear.

Consider a composite plate of arbitrary thickness in the pres-
ence of matrix cracking (Fig. 1). To model the displacement field,
a refined higher-order theory is used. The procedure is capable of
accurately predictingthe transverseshear stresses through the thick-
ness while being computationally efficient. The displacement field
for a plate of thickness / is as follows:

473 ow
Wy =t zy = g\ Vet ) (1a)
473 ow
Uy =vo + 2y, — 342 (‘/’y + 8y> (1b)
Uz =wy (1)

The quantities u, v, and w are the displacements of a point on the
midplane. The displacementfield satisfies the traction-freeboundary
condition, where 7, and 7, are zero on the upperand lower surfaces
of the plate. The strains then assume the following form:

en =% + (i + 222), m=126 (2a)

e, =& + 2212, n=45>5 (2b)
e; = 0 (2C)

where £°, %, and x? are coefficients expressed as functions of u, v,
w, v, and y,. For convenience the stress and strains are separated
into in-plane and out-of-plane components:

z

Fig.1 Cracked composite plate.
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This notation allows convenient expression of the stress strain re-
lations in matrix form and separation of the in-plane and out-of-
plane effects. The constitutive equations for the undamaged and the
cracked laminate are

N A B E7 (&) A B E7|e&
MY =|B D F “Yy=|B D F K¢ (4a)
P E F H K2 E F H 2

A D g A D g
-G D -6 0 )
K D F K0
where A, B, D, E, F, and H are the plate stiffnesses derived as
follows:

hl2

0(1,z,7%, 2%, 2, 2%dz ~ (5)
—h/2

(A,B,D,E, F H) =

where Q is the global stiffness matrix for each ply. The A, B, and
D matrices are the same as those used in classical plate theory, and
the E, F, and H matrices have the same relationship extended to
the higher-order functions of z. N, M, P, Q, and R are the stress
resultants defined by

hl2
(N, M, P) =/ o(1,z,7%)dz (6a)

hil2

hl2
(0. R) =/ a(1, 2% dz (6b)

hil2

In Egs. (4a) and (4b), the quantities with the overbar refer to the
effective strains and stiffness values for the cracked laminate. These
reduced stiffness values must be determined to analyze the com-
plete system. For simplification purposes, Eq.(4) is represented as
follows:

N)
M} =Ce =Ce, {
P

0

R} 0€0 0€0 )

where C and Cj are the 9 X9 and 4 X4 higher-orderstiffness matri-
ces,and e and ¢ are the in-planeand out-of-planestraincomponents.

To determine the effects of matrix cracking,a proceduresimilar to
that developed by Adolfsson and Gudmundson’® is used. However,
unlike their work, which relies on fracture mechanics and the as-
sumptionof the crackbeing in an infinite homogeneousmedium, the
currenttechniqueuses a finite element approach based on the actual
laminate configuration. Also, the modeldevelopedby Adolfssonand
Gudmundson’ is based on the classical plate theory, which ignores
transverse shear stresses. Because a higher-order model is used in
this paper, additional parameters need to be determined.

With the principle of superposition, the effective strains in the
cracked laminate are equal to the summation of strains in an un-
cracked laminate and the strains resulting from the application of
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Fig.2 Higher-order stress distribution on the crack face.

stresses on the crack face (Fig. 2). The stresses correspond to o,
o, and o in the local coordinate system, and to mode 1-3 crack
loading. For the kth layer, this loading can easily be separated into
components as follows.

For modes 1 and 3:

T=gn+Tun+ oy +nn ®)
For mode 2:

Ty =T + TN+ Tl )

n=(z=z)/(t/2) (10)
where f; is the thicknessof the crackedlayer. Thus, the stresseson the
crack face, 7 and 7, are cubic and quadratic functions, respectively.
These components are defined based on the strains in Egs. (2a-2¢)
as follows:

70 =TQ0(e* + zx’ + z2x?) (11a)
1, = /2T Q(x° + 322K7) (11b)
o, = (32 4)T 0z, (11¢)
o = (1] 8)T 0« (11d)
o = TQ (el + 22K3) (12a)
o1 =tkTQZk’< (12b)
w0 = (121 4)T 0K} (12¢)
By the defining of matrices 8 and o
ﬂOU ﬂ(}l ﬂOZ ﬂ03 ﬂﬂgg ﬂUm ﬂng
ﬂl() ﬂll ﬂlZ ﬂ13
B= s Bo =| Bow Poin Pon
ﬂZU ﬂZl ﬂ22 ﬂ23 ﬂU ﬂU ﬂD
ﬂ30 ﬂ31 ﬂ32 ﬂ33 % 2 -
(13)

and assuming that the work done in one cracked layeris not affected
by cracking in other layers, the change in work for the kth cracked
layer can be expressed as
AW, = (21| 2) ! B, (14)
where /; is the total crack length in that layer, which can be written
in the more familiar form as
I, = Qo] 1y (15)
In Eq. (15), Qis the total plate in-plane area. The crack density p is

defined as the ratio of layer thickness to crack spacing.!” The total
work W for the cracked plate can now be described as follows:

Fig.3 Finite element mesh for represen-
tative crack.
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(16)

The quantities that need to be determined are the elements in
matrices 8 and Bo. Adolfsson and Gudmundson® used fracture me-
chanics solutions based on stress intensity factors to relate the load
to the work done. Because of the difficulty in obtaining fracture me-
chanics solutions, it was necessary to use the solutions for cracksin
infinite homogeneousmedia. The accuracy of this assumption varies
dramaticallybased on laminate thickness and material properties.To
develop a more reliable approach, a separate finite element analysis
is used to relate the individual loads to changes in work. This was
done by applying each load 7, to a finite element mesh representing
the composite cross section around a single crack with appropri-
ate boundary conditions. The work due to extensional, bending,
and shear deformation is determined based on mesh displacements
(Fig. 3). The values of the elements in matrices 8 and o are then
derived by using Eq. (14).

The separate finite element modeling of the crack behavior in
each layer with cracks causes definite increasesin the computational
effort. However, the developed procedureoffers advantagesthat can
offset this increase in CPU time. First, the 8 matrix can be derived
for a number of differentcrack densities, then a simple curve-fitting
process can be used to express 8 as a function of crack density.
Second, this function can then be stored and reused if the same
laminate configuration is encountered again. Therefore, although a
significant amount of computationaleffortis required the first time a
new material or laminate configurationis used, subsequentanalyses
will require very minimal calculations.

III. Delamination Modeling

To incorporatedelamination, the structureis dividedinto regions,
as seen in Fig. 4. Equations (la-1c) are applied to each region
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Fig.4 Delaminated composite cross section.

(&2 r=u,dl, d2). The displacement field now assumes the fol-
lowing form:

ow’ 4(z — )3

up =ug+ (z—c")| ¢: . e

¢, (17a)

ow’” 4z —c")? |

dy e O 17D

uy, =vi+(z—-c")| ¢, -

ug = WS (17¢)

where ¢ is the local midplane of each region. Continuity conditions
are imposed on the interfaces between the undelaminatedregion and
the sublaminates.

u at, a’l <z <b" (18a)

, a”? <z <b® (18b)

Because the displacement distribution is nonlinear, Eqs. (18a) and
(18b) cannot be satisfied exactly and must instead be satisfied in an
average sense. An error function for the first sublaminate is defined
as

P all <z <bd! (19)

s

The difference between u* and u“! is then minimized by integrat-

ing the square of the error over the thickness. The derivatives with
respect to the independent functions in region £2*! (Fig. 4) are then
set to zero. This yields the following relationships:

u

0
ull =ul + (¢ — ) Yy allt (20a)
u u awu u
vil = vl + (¢ =) oy + adlqﬁy (20b)
wil =wi (20c)
awdl u
= + y v 20d
ox o0x o (20d)
k) dl k) u
TS gy (20¢)
oy oy
¢! =35"¢" (20f)
¢§f1 = 5‘”¢§’, (20g)

The constants a?!, y9!, and §! are defined in the Appendix. Iden-
tical expressions correspondingto region €2 (Fig. 4) are similarly
formulated.

IV. Composite Plate Modeling
Modeling of a composite plate with matrix cracking and delam-
ination will be accomplished using the following steps. Reduced
stiffness values will be determined for layers containing matrix

cracks using the separate finite element model described earlier.
Each cracked layer will be analyzed individually and given its own
reduced stiffness values. The plate will then be modeled using the
higher-ordertheory and the finite elementmethod. Once the finite el-
ement stiffness matrix for the plate is formed, continuity conditions
will be enforced between the regions as described earlier. However,
a problem that is encounteredis that mode 1 crack opening does not
occur when the crack is under compression. Thus, the composite
laminate has a different stiffness depending on the state of stress.
This phenomenon is known as bimodularity.!3~2!

For static problems, bimodularity can be addressed by using an
iterative technique. The neutral axis, the location in the z direction
where the stress is zero, is first assumed, and compressive stiffness
properties are applied to the layers under compression and tensile
stiffness properties are applied to the layers under tension. The dis-
placements are then determined, and a new neutral axis is calcu-
lated. The stiffness matrix is recalculated using the new value, and
the problemis solvedagain. The iteration continuesuntil the neutral
axis converges to a final value. For the case of matrix cracking, not
many iterations are required because the difference in overall lam-
inate stiffness for varying locations of the neutral axis is relatively
small, compared to the bimodularity that results in such materials
as Kevlar®-rubber composites.

When solving for plate vibration, the nonlinearity associated with
the bimodularity of matrix cracking means that superpositionof vi-
bration modes is not applicable. Natural frequency values can no
longer be calculated using standard eigenvalue analysis because the
plate stiffnessis dependenton the deflection shape or, more specifi-
cally, whether the plate is in compressionor tension. The natural fre-
quencies can be solved for individually if the mode shape is known
and used to calculate the correct stiffness matrix. Fortunately, the
bimodularity introduced by matrix cracking is relatively small and
results in only very small changes in the mode shape from the un-
cracked case to the case with matrix cracks. To demonstrate this,
the technique of Wu et al.?! is used to solve a transfer matrix model
of a cantilever beam with matrix cracks. The natural frequency is
calculatedassuming differentlocations for the inflection points, and
the local maximum or minimum represents the actual natural fre-
quency. The results are shown for a [0, 90, ],, glass-epoxy laminate
with saturation cracking in all of the 90-deg layers (px =1.0). This
model was chosen because matrix cracking has a large effect in
glass-epoxy and laminates with a large number of 90-deg plies.
Figure 5 shows the results corresponding to the second mode of
vibration. The symbol ¢ represents the inflection point for the un-
cracked laminate, and it is apparent that the inflection point has
shifted only a very small distance. Also, the error introduced in the
natural frequency,if the calculations were made using the uncracked
mode shape, is on the order of 0.01%. This is so small because near
the inflection point, the bending stresses are always small and small
changes in the stiffness have little effect. The third mode, shown in
Fig. 6, demonstrates similar behavior. However, in this case, there
are two inflection points, which result in a surface plot. Again, the
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Fig. 5 Natural frequency for mode 2 inflection point location for [0,
90, ], glass-epoxy laminate.
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Fig. 6 Natural frequency for mode 3 inflection point location for [0,
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Fig.7 Stiffness loss of graphite-epoxy [0, 90,]; laminate.

shift in inflection point locations is small and has little effect on the
calculated natural frequency.

The results from this model show that good estimates of the natu-
ral frequency can be obtained by using the uncracked mode shapes
in the calculation of the stiffness matrix. The accuracy is further
improved by using an iterative process during the natural frequency
calculation where the uncracked mode shape is used as an initial
starting point in the calculation of the stiffness matrix. The natural
frequency and mode shape are determined next using eigenvalue
analysis, and the new mode shape is used to recalculate the stiffness
matrix. This process is continued until convergenceof the inflection
points and neutral axes are achieved.

During plate vibration, bimodularity can create further complex-
ities if varying amounts of cracking exist in each of the different
layers. In such a case, the structure will have different stiffness de-
pending on whether the plate is being bent up or down. Thus, the
period for each half-cycle during vibration at a natural frequency is
different, and the overall natural frequency w is determined by

o =2l (a)l_l + a)z_l) 21

where o; and ; are the natural frequenciesfor each half-cycle.!® In
other words, to calculate the overall natural frequency o, the plate
is analyzed first for the upward deflection case w,, and then again
for the downward deflection case w,.

V. Results

The developed model is used to model sample composite plates
for comparison with published experimental results. Results show
that this technique accurately predicts the reduction in stiffness for
a variety of materials and laminate configurations. Shown in Figs. 7

500 1
45.0 A n
40.0 [] A
n® t
-35.0 ma
X | |
- 30.0 A a
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'-03 25.0 1 B Experimental
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T 200 4 A 2D NASTRAN
& + 3DANSYS
15.0 1
10.0 4 g TTA
g A
5.0 4 .
0.0 £ ‘ ‘ ‘ ‘ ‘
0 02 04 06 0.8 1 12
Crack Density (t/a)

Fig. 8 Stiffness loss of glass-epoxy [0, 905]; laminate.

and 8 are the reductions in extensional and bending stiffness for
cracked laminates of [0, 90,], graphite-epoxy and [0, 90;], glass-
epoxy, respectively. The results obtained from the present model
are compared with the experimental results from Refs. 17 and 22.
Though the stiffnesses of the two composite materials are very dif-
ferent, the present model shows good correlation in both cases.

Because of a lack of sufficient experimental data on the effects
of bending in the literature, ANSYS finite element models are used
for validation. Finite element modeling of a cracked structure is
difficult to accomplish effectively and efficiently, thus motivating
the current research. Individual matrix cracks are spaced apart by a
distance on the order of one or two ply thicknesses; thus, a single
composite specimen will likely have hundreds of matrix cracks. The
desire for accurate results motivates the modeler to use a fairly large
number of elements in the vicinity of each crack and particularly
near the tips. The geometry of the crack and the variety of loading
possibilitiesmotivates the use of a three-dimensionalanalysis. Such
a model would resultin a very large number of degrees of freedom.
Thus for verification two slightly simplified NASTRAN and AN-
SYS models are used. The first is a two-dimensional plane strain
NASTRAN model of the cross section of a composite laminate con-
taining a small number of matrix cracks. The spacing of the cracks
is varied slightly to reflect a realistic distribution. The plate model
is then loaded and the average strains are compared to the results
from an uncracked model of the same composite cross section. The
second model is a three-dimensional ANSYS mesh of a single rep-
resentative crack. The rational behind this model is a comparison vs
the plane strain assumption. The size of this model is considerably
larger in spite of modeling a single crack, and enforcement of the
boundary conditions involved significant effort.

The reduction in bending stiffness is significantly smaller com-
pared to the reduction in extensional stiffness because the matrix
crack opening is much smaller during bending than it is during ex-
tension. Because of this, models that are designed for predicting
extensional stiffness should not be used to determine bending stiff-
ness. Figure 9 presents a comparison of the present model with the
otheravailable techniques.">>17 The present model correlates well
with the experimentalresults and asymptotically approachesthe ply
discount method. Unlike Hashin’s method,? the presentapproachis
applicable to any laminate configuration.

Figure 10 shows the reduction in stiffness for a [0, £45], glass-
epoxy laminate. Again the current model has good agreement with
the experimental data,?® even in the presence of increased in-plane
shearforcesdueto theangleplies. Figure 11 presentsthe reductionin
the shear modulus for a [0, 90, ], graphite-epoxycross-ply laminate
with crackingin the inner layer. Once again there is good correlation
with available experimental data.”

Figure 12 shows the effect of matrix crack density on natural
frequency for the same [0, 90,],, glass-epoxy cantilever plate al-
ready discussed. The first case is for cracking only in the upper
90-deg layer and the second case is for cracking in all 90-deg lay-
ers. The asymmetric amount of crackingin case 1 resultsin differing
frequencies for each half-cycle (o, and @, in Fig. 12). This effect
is most apparent for mode 1, where all of the cracks are closed
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during the upward deflection w,. Because the cracks close, their
only effectis on transverse shear, and they have little effect on nat-
ural frequency. During the downward deflection o, all of the cracks
open causing a significant loss in stiffness, thus reducing the nat-
ural frequency. For case 2, because the cracking is symmetric, the
upward and downward deflections have the same behavior, and the
half-cyclesdo not have different frequencies. For the higher modes,
the upward and downward deflections create both areas with closed
cracks and areas with open cracks, thus decreasing the differencein
the two half-cycle frequencies.

Next, results are presented for cases where matrix cracks are ac-
companied by delamination. Figure 13 shows an example of how
matrix cracking can have significant effect on structural behavior
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Fig.12 Effect of matrix cracking on natural frequencies for a [0, 90, |5
glass-epoxy cantilever plate.
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Fig. 13 Natural frequency of a delaminated graphite-epoxy [0, 90 ]
cantilever plate.
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thatis often not considered. Shown in Fig. 13 is the effect of delam-
ination in a [0, 90],, graphite-epoxy cantilever plate, as measured
by Shen and Grady.'¢ The example shown is for a through the width
delamination between the first 90-deg layer and the second 0-deg
layer. Results are shown for the case of no matrix cracks and the case
of cracking in all 90-deg layers (p =1.0). The present theory uses a
finite element mesh with 40 elements and 504 degrees of freedom.
It can be seen that the effect of matrix cracking is comparable in
magnitude to the effect of the delamination. Also, delaminationarea
increases the effect of matrix cracking, as seen by a larger reduction
innatural frequencyathighdelaminationlengths. This is becausethe
delamination creates a new surface within the laminate and cracks
originallyinternal to the laminate are now on the surface, which dra-
matically increases their effect on stiffness. This example shows that
matrix cracking and delamination need to be addressed simultane-
ously when studying the effect of damage on composite laminates.

VI. Conclusions

A unified theory has been developed to model the behavior of
compositelaminates with delaminationand transverse matrix crack-
ing. A higher-orderdisplacementfield was used in the sublaminates
for accuraterepresentationof the effects of transverseshear. This al-
lowed the descriptionof independentdisplacementfields above and
below the delamination. A refined displacement field was obtained
throughthe satisfactionof stress-freeboundary conditions at all free
surfaces, including delaminated interfaces. A finite element model
was developed to describe the effect of matrix cracking using a rep-
resentativecrack. This was implementedinto the structuralmodel by
means of reduced laminate stiffnesses. Matrix crack closure creates
a bimodularity where stiffness under compression is greater than
stiffness under tension. This bimodularity was addressed using an
iterativeprocess. The effect of this bimodularityon mode shapes was
shownto be small, and a method was presented for determiningnatu-
ral frequenciesin the presence of matrix cracks. Results were shown
indicating that the developed model provides a consistent level of
accuracy for a variety of laminate materials and configurations, with
various combinations of delaminations and matrix cracks. The fol-
lowing important observations were made from this study:

1) The impact of all three modes of crack behavioron the overall
stiffness of composite laminates with transverse matrix crackingcan
be modeled without the use of experimental data.

2) The nonlinearity introduced by matrix cracking is relatively
small and can easily be dealt with using iterative techniques.

3) Delamination and matrix cracking cause similar reductionsin
the natural frequencies of composite plates.

4) Delamination can increase the effect of matrix cracks by creat-
ing new surfaces within the laminate, thus moving cracks to surface
layers or closer to the surface.

Appendix: Geometric Parameters

The geometric parameters used to satisfy the continuity condi-
tions are as follows:

o =[—4a* —36a’b — 60a’b* — 36ab® — 4b* + 364>(c*)?
+68ab(c*)? + 36b%(c*)? + 52a°¢? + 228a%bc? + 228ab?c?
+52b%c? — 72a%c" ¢ — 136abct ¢! — 72b*c ¢ — 140a(c*)?c?
—140b(c*)?c? — 156a>(c?)? — 388ab(c?)? — 156b%*(c?)?
+280ac*(c?)? + 280bc" (c?)? + 140(c*)*(¢?)? + 140a(c?)?
+ 140b(c?)® — 280c"(c?)? — 27a*h* — 51abh® — 27b*h?

+ 105ac?h* + 105bc"h? — 105(c?)*h*]/{3[9a* + 17ab
+9b% = 35ac? — 35bc¢! + 35(c")?1h?}

B¢ = (184> + 34ab + 18b> — 35ac" — 35bc" — 35ac? — 35bc?
+70c“cy(b — a)?/{2[9a* + 17ab + 9b* — 35ac? — 35bc!

+35(c?)*1h?)

8" =[-30a’c" — 110a’bc" — 110ab*c" — 30b°c" + 72a*(c")?
+ 136ab(c*)* + 72b*(c*)? + 30a*c? + 110a*bc? + 110ab*c?
+306%¢? + 56a%c ¢! + 168abct c? + 56b%c ¢! —280a(c")?c?
—280b(c")%c? — 128a%(c?)? — 304ab(c?)? — 128b%*(c?)?
+140ac* (¢?)? + 140bc" (¢!)? + 280(c")*(¢?)? + 140a(c?)?
+140b(c?)? — 280c(c?)® — 18a2h* — 34abh® — 18b*h?
+70ac?h? + 70bc?h? — 70(c?)?h? + 18a%(b — a)?
+34ab(b — a)?® + 18b*(b — a)® — 35ac" (b — a)?
—35bc"(b — a)* — 35ac(b — a)® — 35bc? (b — a)*
+70c"c! (b — a)?]/{2[9a + 17ab + 9b* — 35ac? — 35bc?
+35(c?)?]h?)
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